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REMARKS ON MASS AND ANGULAR MOMENTA FOR
U(1)2-INVARIANT INITIAL DATA
AGHIL ALAEE AND HARI K. KUNDURI
Abstract. We extend Brill’s positive mass theorem to a large class of asymptotically
flat, maximal, U(1)2-invariant initial data sets on simply connected four dimensional
manifolds Σ. Moreover, we extend the local mass angular momenta inequality re-
sult [1] for U(1)2 invariant black holes to the case with nonzero stress energy tensor
with positive matter density and energy-momentum current invariant under the above
symmetries.
1. Introduction
In [2] Brill proved a positive energy theorem for a certain class of maximal, axisym-
metric initial data sets on R3. Brill’s theorem has been extended by Dain [3] and
Gibbons and Holzegel [4] for a larger class of 3 dimensional initial data. Subsequently,
Chrusc´iel [5] generalized the result to any maximal initial data set on a simply connected
manifold (with multiple asymptotically flat ends) admitting a U(1) action by isometries.
Moreover, in [4] a positive energy theorem was proved for a restricted class of maximal,
U(1)2-invariant, four-dimensional initial data sets on R4. The first purpose of this note
is to generalize this latter result to a larger class of 4+1 initial data. In particular, our
result extends the work of [4] in three main directions:
(1) We consider the general form of a U(1)2-invariant metric (i.e. we do not assume
the initial data has an orthogonally transitive U(1)2 isometry group) on asymp-
totically flat, simply connected, four-dimensional manifolds Σ admitting a torus
action.
(2) The orbit space B ∼= Σ/U(1)2 of Σ belongs to a larger class Ξ which is defined
below in Definition 2.2. The boundary conditions on axis and fall-off conditions
at spatial infinity are weaker than those considered in [4]. In particular they
include the data corresponding to maximal spatial slices of the Myers-Perry
black hole.
(3) The manifold Σ may possess an additional end (either asymptotically flat or
asymptotically cylindrical of the form R × S3). Such Σ arise in the example
of complete initial data for black hole spacetimes. The existence of non-trivial
topology is also required for initial data to carry non-vanishing angular momenta.
The results also hold for data satisfying (1) and (2) on R4.
The second main result of this work is to extend the local mass-angular momenta in-
equality proved in [1] to the non-vacuum case with positive energy density and vanishing
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energy current in directions tangent to the generators of the isometry group. This result
naturally extends the result of [6] to the 4+1-dimensional setting.
2. Positivity of mass
An asymptotically flat maximal initial data set (Σ, h,K, µ, j) must satisfy the Einstein
constraint equations
(2.1) Rh − |K|2h = 16πµ, divK = 8πj .
where µ is the energy density, j is an energy-momentum current, and Rh and |K|2h
are respectively the Ricci scalar curvature and full contraction of K with respect to
h. Σ is assumed to be a complete, oriented, simply connected asymptotically flat spin
manifold with an additional asymptotic end. We now briefly review the discussion1 in [7].
As proved in [8, 9] if the manifold-with boundary M is a spatial slice of the domain of
outer communications of an asymptotically flat black hole spacetime admitting an U(1)2
action, then Σ ∼= R4#n (S2×S2)−B for some integer n where B is a four-manifold with
closure B¯ such that ∂B¯ = H and H is a spatial cross section of the event horizon. We
obtain a complete manifold Σ by doubling M across its boundary ∂M [7]. For example,
complete initial data for the non-extreme Myers-Perry black hole has Σ ∼= R×S3, which
has two asymptotically flat ends. For extreme black hole initial data, a spatial slice
of the domain of outer communications is already complete (the horizon is an infinite
proper distance away from any point in the interior). Complete initial data for the
extreme Myers-Perry black hole again has Σ ∼= R × S3, although the geometry is now
cylindrical at one end. Note that initial data for non-extreme and extreme black rings
have different topology [7].
We consider U(1)2 = U(1)×U(1) invariant data with generators ξ(i) for i = 1, 2. Σ is
therefore equipped with a U(1)2 action and further Lξ(i)K = Lξ(i)h = 0. It proves useful
to represent our space of functions on the two-dimensional orbit space B ≡ Σ/U(1)2. in
general the action will have fixed points (i.e. on points where a linear combination of the
ξ(i) vanish). A careful analysis [10] establishes that B is an analytic, simply connected
manifold with boundaries and corners and can be described as follows. Define the Gram
matrix λij = ξ(i)·ξ(j). On interior points of B the rank of λij is 2. The boundary is divided
into segments. On each such segment the rank of λij is one and there is an integer-valued
vector vi such that λijv
j = 0 on each point of the segment (i.e. the Killing field viξi
vanishes on this segment). On corner points, where adjacent boundary segments meet,
the rank of λij vanishes. Moreover, if vs = (v
1
s , v
2
s)
t and vs+1 are vectors associated with
two adjacent boundary segments then we must have det(vs, vs+1) = ±1 [10]. Finally, we
note that since Σ has two asymptotic ends, the two-dimensional orbit space is an open
manifold with two ends. Note that at interior points, the orbit space is equipped with
the quotient metric
(2.2) qab = hab − λijξiaξib
1The replaced preprint version contains an improved discussion of the geometry of Σ.
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The orbit space B is a simply connected, analytic two-manifold with (smooth) bound-
aries and corners, with two ends. By the Riemann mapping theorem, it can be analyt-
ically mapped to the upper half plane of C with a point removed on the real axis (if
the point is removed anywhere else, then the region will not be simply connected). The
boundary of B is mapped to the real axis with the above point removed by Osgood-
Caratheodory theorem [11], which we take to be the origin without loss of generality.
We assume that (2.2) admits the global representation
(2.3) q ≡ e2U+2v(dρ2 + dz2)
where U = U(ρ, z), v = v(ρ, z) are smooth functions and ρ ∈ [0,∞) and z ∈ R. The
asymptotically flat end corresponds to ρ, z →∞ and the point (ρ, z) = (0, 0) corresponds
to the second asymptotic end. We will impose appropriate decay conditions on (U, v)
below. The boundary is characterized by ρ = 0 in this representation. The boundary
segments, where a particular linear combination of Killing fields vanish, are then de-
scribed by the intervals Is = {(ρ, z)|ρ = 0, as < z < as+1} where a1 < a2 < · · · < an are
referred to as ‘rod points’. Asymptotic flatness requires that there are two semi-infinite
rods I− = {(ρ, z)|ρ = 0,−∞ < z < a1} and I+ = {(ρ, z)|ρ = 0, an < z < ∞} corre-
sponding to the two symmetry axes of the asymptotically flat region. Further details on
the orbit space can be found in [7].
Now note det λ(0, z) = 0 on corner and boundary points and smoothness at fixed
points requires det λ = ρ2+O(ρ4) as ρ→ 0. Furthermore since Σ is asymptotically flat,
this implies det λ has to approach the corresponding value in Euclidean space outside
a large ball (i.e. det λ ∼ r4 as r → ∞ where r is a radial coordinate in R4). Let φi be
coordinates with period 2π such that the Lξiφj = δji . Then ξ(i) = ∂φi .
The four-manifold (Σ, h) may be considered as the total space of a U(1)2 principal
bundle over B, where we identify the fibre metric with λij. We use Greek indices α, β =
1, ..., 4 to label local coordinates on Σ. The simplest case is R4 with its Euclidean metric
which in our coordinate system has the representation
(2.4) δ4 =
dρ2 + dz2
2
√
ρ2 + z2
+ (
√
ρ2 + z2 − z)(dφ1)2 + (
√
ρ2 + z2 + z)(dφ2)2
Asymptotically flat metrics must approach δ4 with appropriate fall-off conditions. In
particular we have det λ → ρ2 as ρ, z → ∞. This suggests we set λij = e2vλ′ij where
det λ′ = ρ2 and v satisfies appropriate decay conditions at the ends and boundary
conditions on the axis. These decay conditions are most appropriately expressed in
terms of new coordinates (r, x) defined by
(2.5) r ≡
[
2
[
ρ2 + z2
]1/2]1/2
x ≡ z
[ρ2 + z2]1/2
where 0 ≤ r < ∞ and −1 ≤ x ≤ 1. The axis Γ now corresponds to two lines I+ ≡
{(r, x)|x = 1} and I− ≡ {(r, x)|x = −1} . Note that if the space has a second asymptotic
end, then the point r = 0 is removed. In this representation, the Euclidean metric on
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R4 takes the form
(2.6) δ4 = dr
2 + r2
[
dx2
4(1− x2) +
(1− x)
2
(dφ1)2 +
(1 + x)
2
(dφ2)2
]
We consider initial data (Σ, h) which are a natural generalization of the well-known
Brill data for three-dimensional initial data sets. Motivated by the above discussion, we
define this class as follows:
Definition 2.1 (Generalized Brill data). We say that an initial data set (Σ, h,K, µ, j)
for the Einstein equations is a Generalized Brill (GB) initial data set with local metric
(2.7) h = e2v
[
e2U
(
dρ2 + dz2
)
+ λ′ij
(
dφi + Aiadx
a
) (
dφj + Ajadx
a
)]
where (x1, x2) = (ρ, z), det λ′ = ρ2 and U = V − 1
2
log
(
2
√
ρ2 + z2
)
if it satisfies the
following conditions.
(1) (Σ, h) is a simply connected Riemannian manifold and Mend is diffeomorphic to
R4 \BR(0) where BR(0) is an open ball with large radius R such that2
hαβ − (δ4)αβ = os(r−1), ∂h ∈ L2(Mend) µ, j ∈ L1(Mend), K = os−1(r−2)
(2) The second fundamental form satisfies
Lξ(i)K = Lξ(i)h = 0 TrhK = 0
(i.e. the data is maximal).
(3) The coordinate system (ρ, z, φi) forms a global coordinate system3 on Σ where ρ ∈
R+ ∪ {0}, z ∈ R, and φi have period 2π. I The functions v, V, Aia, and λ′ij satisfy
the following decay conditions, which are best expressed in terms of the (r, x) chart
given by (2.6):
(a) as r →∞
v = o1(r
−1), Aiρ = ρo1(r
−5), Aiz = o1(r
−3), V = o1(r
−1)
λ′ii =
(
1 + (−1)i−1f11r−1−κ + o1(r−2)
)
σii, λ
′
12 = ρ
2o1(r
−5),
where 0 < κ ≤ 1, σij = r22 diag (1− x, 1 + x)
(b) If r → 0 represents a second asymptotically flat end we have
v = −2 log(r) + o1(r), Aiρ = ρo1(r), Aiz = o1(r3), V = o1(r)
λ′ii =
(
1 + (−1)i−1f22r1+κ + o1(r2)
)
σii, λ
′
12 = ρ
2o1(r
−1),
(c) If r → 0 is a cylindrical end with topology R+×N where N ∼= S3, S1×S2, L(p, q)
we have
v = − log(r) +O1(r1), Aiρ = ρo1(r), Aiz = o1(r3),
λ′ij − r2σ¯ij = o1(r2), V = O1(1) .
2This condition is asymptotically flatness [12] for s ≥ 2 and when we write f = os(rl) it means
∂β1 · · · ∂βpf = o(rl−p) for 0 ≤ p ≤ s.
3It may be possible to prove this assumption is unnecessary (see [5] for the three-dimensional case)
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where hc = e2V dx
2
4(1−x2)
+ σ¯ijdφ
idφj is a metric on N .
(d) as ρ→ 0 and w = wi ∂
∂φi
is the Killing vector vanishes on the rod Is
λ′ijw
j = O(ρ2), and others λ′ij = O(1) .
and to avoid conical singularities on the axis Γ we have
V (z) =
1
2
lim
ρ→0
log
(
2
√
ρ2 + z2λ′ijw
iwj
ρ2
)
≡ 1
2
log Vs, z ∈ Is = (as, as+1), wi ∈ Z .
We remark that any sufficiently smooth, asymptotically flat metric on a simply con-
nected 3-manifold with additional asymptotic ends obtained by removing points form
R3 and admitting a U(1) isometry can be written in the above form, with i = 1 [5]. It is
natural to expect a similar result holds in the present case, up to some additional con-
ditions. Note that the one-forms Ai = Aiadx
a may be considered as a local connection
on the U(1)2 bundle over B.
The initial data sets defined above encompass a large class of possible data sets,
which include in particular initial data for extreme and non-extreme black rings. It
proves useful to restrict attention to a subclass of data, which includes initial data
for the Myers-Perry black hole. Let a fixed GB data set have orbit space B with rod
points a1, a2 . . . an. Via the transformation (2.6) these points map to I+ and I−. We
arrange these points in order of increasing r and denote by bs, for s = 1 . . . n
′ ≤ n, with
b0 = IE ≡ {(r, x) : r = 0,−1 ≤ x ≤ 1} and bn′+1 = IF ≡ {(r, x) : r =∞,−1 ≤ x ≤ 1}.
The IF is the asymptotically flat end and IE is another asymptotic end or just the origin
of half plan (ρ, z).
Definition 2.2. The admissible set Ξ of orbit spaces is a collection of B such that distinct
rotational Killing fields vanish on Γ ∩ Bs, where Bs = {(r, x)|ebs ≤ r ≤ ebs+1 ,−1 ≤ x ≤
1}.
Remark 2.1. The regions Bs correspond to annuli in the (ρ, z) representation of B and
(finite, infinite, or semi-infinite) rectangles on the (y, x) representation where y = log r.
Remark 2.2. The geometry of a second asymptotic end of data belonging to Ξ must
have N = S3 (or a Lens space quotient). This follows from the classification of orbit
spaces N/U(1)2 obtained in [10] when distinct Killing fields vanish on I+ and I−.
The ADM energy4 and momenta for a generalized Brill data set (Σ, h,K, µ, j) are given
by
(2.8) m =
1
16π
lim
r→∞
∫
S3r
(∂αhαβ − ∂βhαα)nβ ds, jα = 1
8π
lim
r→∞
∫
S3r
Kαβn
β ds
where S3r refers to a three-sphere of coordinate radius r with volume element ds =
r3
4
dxdφ1dφ2 in the Euclidean chart outside a large compact region and n is the unit
normal. Then we have the following positive mass theorem.
4We will refer to this as the ‘mass’ hereafter.
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z
ρ
a1 a2 a3 a4 a5 a6
(a) Orbit space as half plane
y
x
I+
I−
b1 b4 b6
b2 b3 b5
B0 B3 B5 B6B1 B2 B4
(b) Orbit space as in-
finite strip
Figure 1. The orbit space can be subdivided into subregions Bs which are half-annuli
in the (ρ, z) plane and rectangles in the (y, x) = (log r, x) plane. In this case n = 6. The
dashed line IE can represent origin or in the case of black holes is another asymptotic
end.
Theorem 2.1 (Positive Mass Theorem for U(1)2-invariant data). Consider a GB initial
data set (Σ, h,K, µ, j). Then if Rh ≥ 0 and B ∈ Ξ where Ξ is defined in Definition 2.2,
then
(2.9) 0 ≤ m ≤ ∞ .
Moreover, we have m <∞ if and only if we have
(2.10) Rh, ρ
−2 det∇λ′ ∈ L1(B), V ∈ L1(R+), (Aiρ,z −Aiz,ρ), v ∈ L2(B)
Finally, m = 0 if and only if h is the Euclidean metric and Σ = R4.
Proof. Consider the GB data (Σ, h,K, µ, j). We can write the metric in conformal form
as
(2.11) h˜αβ = Φ
−2hαβ .
where Φ = ev. Then by the asymptotic decay properties of GB data at the asymptoti-
cally flat end we have
Φ− 1 = o(r−1), h˜αβ = δαβ + o(r−1) .(2.12)
Then the integrand in the expression for the ADM mass (2.8) is
∂αhαβ − ∂βhαα = −6∂βΦ + ∂αh˜αβ − ∂β h˜αα + o(r−3).(2.13)
Therefore we find
m =
1
16π
lim
r→∞
∫
Sr
−6∂cΦnc ds+mh˜
=
1
64π
lim
r→∞
∫
Sr
−6v,r r3dxdφ1dφ2 +mh˜(2.14)
= −3π
8
∫
IF
v,r dx+mh˜(2.15)
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where we used Φ = ev = 1 + o1(r
−1) as r → ∞ in first equality. The second equality
follows from U(1)2-invariant symmetry of v and definition of IF = {(r, x) : r =∞,−1 ≤
x ≤ 1}. Now we find the ADM mass of the conformal metric h˜.
Lemma 2.2. Consider a GB data (Σ, h,K, µ, j) with the rescaling (2.11). Then
(2.16) mh˜ = −
π
4
∫
IF
(
r3
2
V,r − r2V
)
dx
Proof. Consider the flat metric in Cartesian coordinates (yi)
(2.17) δ4 = dy
2
1 + dy
2
2 + dy
2
3 + dy
2
4.
with the transformation to (r, x, φ1, φ2) (equivalently (ρ = r
2
2
√
1− x2, z = r2
2
x, φ1, φ2))
for GB conformal metric with transformation
y1 = r
√
1 + x
2
cosφ1 y2 = r
√
1 + x
2
sin φ1,(2.18)
y3 = r
√
1− x
2
cosφ2, y4 = r
√
1− x
2
sin φ2,
First we write the conformal metric in the (r, x, φ1, φ2) chart:
h˜ = δ4 +
(
e2V − 1)(dr2 + r2
4(1− x2)dx
2
)
︸ ︷︷ ︸
BI
+
(
λ′ij − σij
)
dφidφi︸ ︷︷ ︸
BII
+2 λ′ijA
i
adx
adφj︸ ︷︷ ︸
BIII
(2.19)
+ terms quadratic in Aia.
The mass of δ4 is zero. By part 2 in Definition 2.1, the last quadratic terms in (2.19) does
not contribute to the mass integral. Now we compute the mass of the terms BI , BII ,
and BIII . By asymptotic behaviour of functions (part (3) of Definition 2.1) we have
BI +BII =
(
e2V − 1) δ4 + 1
2
[
f11
r2
− (e2V − 1)] r2(1 + x) (dφ1)2(2.20)
+
1
2
[
−f11
r2
− (e2V − 1)] r2(1− x) (dφ2)2
=
(
e2V − 1)︸ ︷︷ ︸
CI
δ4 +
[
f11
r2
− (e2V − 1)] (y1dy2 − y2dy1)2
y21 + y
2
2︸ ︷︷ ︸
CII
+
[
−f11
r2
− (e2V − 1)] (y4dy3 − y3dy4)2
y23 + y
2
4︸ ︷︷ ︸
CIII
.
We compute the ADM mass of each one of these terms :
• CI : This is a conformally flat metric and by (2.14) we obtain
(2.21) mCI =
1
16π
lim
r→∞
∫
Sr
−3∂r
(
e2V − 1) ds.
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• CII : we consider CII as a metric (CII)ab such that the only nonzero components are
(2.22) (CII)ab =
1
y21 + y
2
2
[
f11
r2
− (e2V − 1)] (y22dy21 + y21dy22 − 2y1y2dy1dy2) .
Then by definition of ADM mass (2.8) we obtain
mCII =
1
16π
lim
r→∞
∫
Sr
[
∂y1(CII)y1y2
y2
r
+ ∂y2(CII)y1y2
y1
r
+ ∂y1(CII)y1y1
y1
r
+ ∂y2(CII)y2y2
y2
r
− ∂yi(CII)y1y1
yi
r
− ∂yi(CII)y2y2
yi
r
]
ds
= − 1
16π
lim
r→∞
∫
Sr
{
∂r
[
f11
r2
− (e2V − 1)]+ 1
r
[
f11
r2
− (e2V − 1)]} ds.(2.23)
• CIII : This is similar to CII and we have
(2.24) mCIII = − 1
16π
lim
r→∞
∫
Sr
{
∂r
[
−f11
r2
− (e2V − 1)]+ 1
r
[
−f11
r2
− (e2V − 1)]} ds.
Hence the ADM mass of BI +BII is
mBI+BII =
1
16π
lim
r→∞
∫
Sr
{
−∂r
(
e2V − 1)+ 2
r
(
e2V − 1)} ds(2.25)
=
1
16π
lim
r→∞
∫
Sr
{
−∂r
(
e2V − 1)+ 2
r
(
e2V − 1)} r3
4
dxdφ1dφ2(2.26)
=
π
4
lim
r→∞
∫
Sr
{
−2V,r + 4V
r
}
r3
4
dx = −π
4
∫
IF
(
r3
2
V,r − r2V
)
dx.
where in the second line we used part (3)-a of Definition 2.1. We consider the term BIII
(2.27) BIII =
1
2
r2(1 + x)dφ1
(
A1ρdρ+ A
1
zdz
)
︸ ︷︷ ︸
DI+DII
+
1
2
r2(1− x)dφ2 (A2ρdρ+ A2zdz)︸ ︷︷ ︸
DIII+DIV
+o(r−3).
We prove ADM mass of the DI and DII parts are zero and the argument for the other
terms are similar. As in the argument used for CII and CIII , we consider DI as the
following metric
(DI)ab =
1
2
r2(1 + x)dφ1A1ρdρ = (y1dy2 − y2dy1)A1ρd
√
(y21 + y
2
2) (y
2
3 + y
2
4)(2.28)
=
A1ρ
ρ
(y23 + y
2
4)(y1dy2 − y2dy1)(y1dy1 + y2dy2)
+
A1ρ
ρ
(y21 + y
2
1)(y1dy2 − y2dy1)(y3dy3 + y3dy3).
Then the integrand appearing in the ADM mass expression is
(∂a(DI)ac − ∂c(DI)aa)nc = ρ (y1∂y2 − y2∂y1)A1ρ︸ ︷︷ ︸
=0
= 0.(2.29)
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Now consider DII as a metric
(DII)ab =
1
2
r2(1 + x)dφ1A1zdz =
1
2
(y1dy2 − y2dy1)A1zd
[(
y21 + y
2
2
)− (y23 + y24)]
=
A1z
z
(y1dy2 − y2dy1)(y1dy1 + y2dy2)− A
1
z
z
(y1dy2 − y2dy1)(y3dy3 + y3dy3).
Then the ADM mass is
(∂aDIIac − ∂c(DII)aa)nc = z2 (y1∂y2 − y2∂y1)A
1
z︸ ︷︷ ︸
=0
= 0.(2.30)
Therefore, the ADM mass of the conformal metric is zero, that is mh˜ = 0. 
Returning to the mass of GB data we have
m =
π
4
∫
IF
[
−3
2
v,r −
(
r3
2
V,r − r2V
)]
dx ,(2.31)
Then we define three one-form ω, χ1 and χ2
(2.32) ω = 2χ1 + 6χ2
where
χ1 = (ρV,ρ − V )dz − ρV,zdρ(2.33)
=
(−r(1− x2)V,x − rxV ) dr + (r3
4
V,r − r
2
2
V
)
dx(2.34)
χ2 = ρ (v,ρdz − v,zdρ) = −r(1− x2)v,xdr + r
3
4
v,rdx(2.35)
Then
(2.36) dχ1 = ∆2V ρdρdz, dχ2 = ∆3vρdρdz, dω = (2∆2V + 6∆3v) ρdρdz,
where ∆3 is Laplace operator respect to δ = dρ
2 + dz2 + ρ2dφ2 be metric on R3 and
∆2 = ∂
2
ρ + ∂
2
z . Now by asymptotes of GB data set, we list the behaviour of χ1 and χ2
at boundary of the orbit space ∂B = Γ ∪ IF ∪ IE where Γ = I+ ∪ I−.
χ1 =
(
r3
4
V,r − r
2
2
V
)
dx, χ2 =
r3
4
v,rdx, on IF(2.37)
χ1 = −rxV dr, χ2 = 0, on Γ(2.38)
χ1 = χ2 = 0, on IE ,(2.39)
Now if we integrate equation(2.36) with coefficient π
4
over the orbit space B we have
π
4
∫
B
dω =
π
4
∫
∂B
ω(2.40)
= −π
4
∫
Γ
rxV dr +
π
2
∫
IF
[(
r3
2
V,r − r2V
)
+
3r3
2
v,r
]
dx
=
π
2
∫ ∞
0
r [V (x = 1) + V (x = −1)] dr −m
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The first equality follows from Stokes theorem and the last equality follows from equation
(2.31) and orientation of (r, x) chart. We next compute the scalar curvature of h˜αβ . After
a conformal rescaling we have
(2.41) − Rhe2v = −Rh˜ + 6e−2U
[
∆3v + |∇v|2
]
.
where ∇ is the derivative with respect to δab and Rh˜ is Ricci scalar of h˜. Now similar to
the calculation in [13] we compute5 the Ricci tensor of h˜αβ:
R˜ij = −1
2
∇a∇aλ′ij −
1
2
∇a (log ρ)∇aλ′ij +
1
2
∇aλ′ikλ′kl∇aλ′lj +
1
4
e−4Uλ′ikλ
′
jlH
kl(2.42)
R˜ia = R˜ijA
j
a +
1
2ρ
δab∇c
(
ρe−2Uλ′ijδ
bdδceF jde
)
(2.43)
R˜ab = −R˜ijAiaAjb + R˜iaAib + R˜ibAia −
1
2
e−2Uδcdλ′ijF
i
acF
j
bd +
2R˜ab −DaDb log ρ(2.44)
− 1
4
Tr
[
λ′−1∇aλ′λ′−1∇bλ′
]
where F iab ≡ 2∇[aAib], H ij ≡ δacδbdF iabF jcd. Here Da and 2R˜ab are the Levi-Civita connec-
tion and Ricci tensor with respect to qab = e
2Uδab. Then the scalar curvature is
(2.45) Rh˜e
2U = −1
4
e−2Uλ′ijH
ij − 2∆2U + det∇λ
′
2ρ2
By equations (2.41) and (2.45) we have
(2.46) − Rhe2v+2U = 1
4
e−2Uλ′ijH
ij + 2∆2V − det∇λ
′
2ρ2
+ 6∆3v + 6 |∇v|2
where ∆2U = ∆2V by definition of U . Now we integrate equation (2.46) over B and use
(2.40)
m =
π
4
∫
B
[
Rhe
2v+2U +
1
4
e−2Uλ′ijH
ij − det∇λ
′
2ρ2
+ 6 |∇v|2
]
dµ
+
π
2
∫ ∞
0
r [V (x = 1) + V (x = −1)] dr(2.47)
≥ π
4
∫
B
[
− det∇λ
′
2ρ2
+ 6 |∇v|2
]
dµ+
π
2
∫ ∞
0
r [V (x = 1) + V (x = −1)] dr(2.48)
The inequality follows from H ij, Rh ≥ 0. Now we use the argument of Section 5 of [7]
to establish positivity of m over each annulus Bs. Fix Bs and without loss of generality
we can select the following parameterization of the 3 independent functions contained
5There is a typo in equation A.1 of [13] and the correct expression yields (2.42) for Ric(h˜)
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in λ′ij and v:
λ′11 =
r2(1− x)
2
√
1− (W s)2 e
V s1 −V
s
2 λ′22 =
r2(1 + x)
2
√
1− (W s)2 e
V s2 −V
s
1 ,
λ′12 =
r2
√
1− x2W s
2
√
1− (W s)2 v =
V s1 + V
s
2 + log
√
1− (W s)2
2
.
(2.49)
where vs = ∂φ¯1s and ws = ∂φ¯2s vanish on I+ ∩ Bs and I− ∩Bs, respectively such that
(2.50)
∂
∂φ¯ks
= αjsk
∂
∂φj
, k, j = 1, 2, s = 1, . . . , n′, αjsk ∈ Z .
where for fixed s we have det(αjsk) = det
(
α1s1 α
2
s1
α1s2 α
2
s2
)
= ±1 [10]. Recall that this relation
must hold between two bases that generate the U(1)2 action. The functions V s1 , V
s
2 and
W s are C1 functions whose boundary conditions on the axis are induced from those of
λ′ij and v in Definition 2.1. In particular, we have det λ
′ = ρ2 and to remove conical
singularities on I± by Definition 2.1-(3d) we require:
(2.51) 2V − V s1 + V s2 = 0 on I+, 2V − V s2 + V s1 = 0 on I−, W s = 0 on I±
Note that since λ′ij and v are continuous across the boundary of Bs, this will impose
boundary conditions on the parameterization functions in adjacent subregions. Then
we have
ms ≥ pi
16
∫
Bs
(
|∇V s1 +∇V s2 |2 + |∇V s1 |2 +
|∇W s|2
2(1 − (W s)2) +
2(W s)2 |∇W s|2
(1− (W s)2)2(2.52)
+
(W s)2
2(1 − (W s)2)
[
|∇V s1 −∇V s2 |2 −
6
W s
(∇V s1 · ∇W s +∇V s2 · ∇W s)
]
+ |∇V s2 |2
+
(W s)2
r2(1− (W s)2)
[
4∂xV
s
2 − 4∂xV s1 +
2
(1− x2)
])
r3dxdr ≥ 0 .
The final inequality follows from [7,14] (see also [4]). The total ADM mass m is simply
the sum of ms and is hence non-negative.
For the second part of the Theorem 2.1 it is obvious from (2.47) that m < ∞ if and
only if (2.10) holds. Now if we assume h is the Euclidean metric on Σ = R4 , clearly
m = 0. Conversely, If m = 0, then by (2.47) we have
(2.53) Rh = A
i
ρ,z − Aiz,ρ = 0
Now we need to show v = 0, V = 0, and λ′ij = σij =
r2
2
diag(1+x, 1−x). We prove it by
the technique we used to prove positivity of m in each Bs. Fix Bs and a parametrization
(2.49). Then by (2.52) we have
(2.54) ∇V s1 = ∇V s2 = ∇W s = 0 .
To show this, one should expand the derivatives with respect to r and x and use an
argument similar to that given in [4, 14]. The details are straightforward but tedious.
Since W s = 0 on I±, we have W s ≡ 0. Also by equations (2.49) and (2.54), we have
∇v = 0 and by Definition 2.1, v vanishes at infinity. This implies v ≡ 0. Note that
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in particular this implies there could not be another asymptotic end as r → 0, since
v ∝ − log r in that case. Moreover, by definition of v in the parametrization (2.49) and
v = 0, we have V s1 = −V s2 =constant. This means for each Bs we have
λ′kk =
r2(1− x)
2
e2V
s
1 λ′jj =
r2(1 + x)
2
e−2V
s
1 , λ′12 = 0 v = 0 .(2.55)
where k 6= j and k, j = 1, 2. If we consider the last annulus Bn′ which extends to spatial
infinity, i.e. IF , then by the asymptotic conditions of λ′ij in Definition 2.1 and ∇V n′1 = 0,
we obtain V n
′
1 = V
n′
2 ≡ 0. Moreover, if we consider the common boundary of Bn′−1 and
Bn′ , by the continuity of V
s
1 through boundary of Bs and (2.50), we have
(2.56) 4V n
′−1
1 = ± log
(
αk(n′−1)1σklα
tl
(n′−1)1
αk(n′−1)2σklα
tl
(n′−1)2
)
+ log
(
1 + x
1− x
)
, 0 = αk(n′−1)1σklα
tl
(n′−1)2
where for fixed k, αl(n′−1)k = (α
1
(n′−1)k, α
2
(n′−1)k) and α
tl
(n′−1)k = (α
1
(n′−1)k, α
2
(n′−1)k)
t. These
conditions arise by expressing λ′ij in Bn′−1 (2.55) in the fixed basis ξ(i) using the trans-
formation (2.50). Since V n
′−1
1 =constant in the above equation and right hand side is a
function of x for some αl(n′−1)k, then we reach to a contradiction and this implies n
′ = 1.
This is equivalent to Σ having the trivial orbit space, i.e. BΣ = BR4 . Moreover, we
obtain λ′ij = σij =
r2
2
diag(1 + x, 1− x) and by straightforward computation it implies
(2.57) − det∇λ
′
2ρ2
= 0,
Then, the equation (2.46) reduces to
(2.58) ∆2V = 0, V vanishes on axis and infinity .
By maximum principle on open set OR,ǫ = {(ρ, z) : ǫ < ρ < R}, we have V ≡ 0 as
R → ∞ and ǫ → 0. By (2.53) the one form βi = Aiρdρ + Aizdz is close and simply
connectedness of Σ implies that there exists a function ψi such that βi = dψi, i.e. βi is
exact. Then the metric has the following global representation
(2.59) h =
dρ2 + dz2
2
√
ρ2 + z2
+ σijd
(
φi + ψi
)
d
(
φj + ψj
)
=
dρ2 + dz2
2
√
ρ2 + z2
+ σijdγ
idγj .
where γi are new rotational angles with period 2π. Hence, h is flat metric and Σ =
R4. 
It is natural to expect this positivity result should extend to GB data that do not
belong to Ξ. We will return to this point in the final section.
3. Mass-angular momenta inequality
In [1] a local version of a mass-angular momenta inequality for a class of asymptoti-
cally flat, maximal, U(1)2-invariant, vacuum black holes was shown. The U(1)2 isome-
try group was assumed to act orthogonally transitively (i.e. there exist two-dimensional
surfaces orthogonal to the surfaces of transitivity at every point). There is a question
regarding the extension of our proof to the non-vacuum case and considering the gen-
eral U(1)2-invariant metric equation (2.7). The main problem in the non-vacuum case
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is whether angular momenta are conserved quantities and twist potentials exist glob-
ally. The ADM angular momenta related to the Killing vector ξ(i) for the GB data set
(Σ, h,K, µ, j) is
(3.1) J(i) =
1
8π
lim
r→∞
∫
Σ
Kαβn
αξβ(i)dsh
This is a well-defined quantity and it is a conserved quantity in U(1)2-invariant vacuum
spacetimes. With matter source we show under appropriate conditions it remains a
conserved quantity. In the previous section we showed that the ADM mass has lower
bound, the right hand of equation (2.48). By the Hamiltonian constraint equation we
have
(3.2) Rh = |K|2h + 16πµ ≥ |K|2h
if µ ≥ 0. In order to prove a local mass angular mometa inequality following the
argument of [1] we need to first show the global existence of the potentials
(3.3) dY (i) = 2 ⋆
(
S(i) ∧ ξ(1) ∧ ξ(2)
)
S(i)α = Kαβξ
β
(i)
where ⋆ is the Hodge star operator with respect to h.
Lemma 3.1. Consider the GB initial data set (Σ, h,K, µ, j). If ιξ(i)j = 0, then J(i) are
conserved and global twist potentials Y i exist.
Proof. Let N ⊂ Σ and S1, S2 are two 3 dimensional surfaces with isometry subgroup
U(1)2 such that ∂N = S1 ∪ S2. Then if we consider ιξ(i)j = 0 (ιξ(i) is the interior
derivative) we have
0 =
∫
N
ιξ(i)j dΣ =
1
8π
∫
N
ιξ(i)divK dΣ =
1
8π
∫
S1∪S2
Kαβn
αξ(i)
β dsh = J(i)(S2)− J(i)(S1) .
Thus the angular momenta are conserved quantities. For the second part, let
(3.4) K(i) = ⋆ (S(i) ∧ ξ(1) ∧ ξ(2)) S(i)α = Kαβξβ(i) .
Then
(3.5) dK(i) = −ιξ(1)ιξ(2)d ⋆ S(i) .
then by the Killing property of ξ(i) and constraint equation we have ⋆d⋆S
(i) = −ιξ(i)divK =
−ιξ(i)j = 0. Therefore, since Σ is simply connected the potentials Y (i) globally exist.
Note that the above result can be extended to D-dimensional initial data with U(1)D−2
commuting Killing vectors [14]. 
Recall that t− φi symmetric data consists of the subclass of GB initial data with the
property that hαβ → hαβ and Kαβ → −Kαβ under the diffeomorphism φi → −φi [15]. It
can be shown that for vacuum (µ = j = 0) t− φi-symmetric data, the metric takes the
form (2.7) with Aia = 0 and the extrinsic curvature is determined fully from the twist
potentials Y i [7]. Thus this data is characterized by five scalar functions, or equivalently,
the triple u = (v, λ′, Y ), where v is a function, λ′ is a positive definite symmetric 2× 2
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matrix, and Y is a column vector [7]. Explicitly, for vacuum t− φi symmetric data, we
can express the extrinsic curvature as
(3.6) Kαβ = 2e
−2vSt(βλ
′−1Φα)
where Φα = (ξα(1), ξ
α
(2))
t is a column vector and S = (S1, S2)t is a column vector with
components Si defined by (3.3) [14]. This motivates the following definition.
Definition 3.1. Let (Σ, h,K, µ, j) be a GB initial data set with µ ≥ 0 and ιξ(i)j = 0. We
define the associated reduced data to be the vacuum t−φi-symmetric data characterized
by the triple u = (v, λ′, Y ) where (v, λ′) is extracted from the original data and Y is
defined in (3.3).
The ADM mass of a given GB data set is bounded below by the ADM mass of its
associated reduced data. This can be shown as follows. Let introduce the co-frame of
one forms {θα}
(3.7) θa = ev+Udxa, θi+2 = ev
(
dφi + Aiadx
a
)
,
so that the metric can be expressed as
(3.8) h = (δ2)abθ
aθb + λ′ijθ
i+2θj+2 .
with associated dual frame of basis vectors
(3.9) ea = e
−(v+U)
(
∂a −Aia∂φi
)
ei+2 = e
−v∂φi .
where xa = (ρ, z).Then we have
dY (i)
2
= ǫαβγλK
β
δ ξ
δ
(i)ξ
γ
(1)ξ
λ
(2)dx
α
= ǫ(∂a, ∂b, ∂φ1 , ∂φ2)K(dx
b, ∂φi)dx
a
= e3vǫ(ea, eb, e1, e2)K(θ
b, ∂φi)θ
a
= e3vρǫabK(θ
b, ei)θ
a .(3.10)
where ǫab is the volume form on the flat two-dimensional metric. NotingKbi = K(eb, ei) =
K(θb, ei) we read off
(3.11) K2i =
e−(4v+U)
2ρ
∂ρY
(i) , K1i = −e
−(4v+U)
2ρ
∂zY
(i) .
Noting that in this basis,
|K|2h = K211 +K222 + 2K212 + 2λ′ijK1iK1j + 2λ′1jK2iK2j + λ′ijλ′klKikKjl(3.12)
≥ 2λ′ijK1iK1j + 2λ′ijK2iK2j = e
−2(4v+U)
2ρ2
[∇Y tλ′−1∇Y ] .
where Y = (Y (1), Y (2))t. Using (3.2) and (2.48) we arrive at
(3.13) m ≥ π
4
∫
B
[
2∆2U − det∇λ
′
2ρ2
+ 6 |∇v|2 + e
−6v
2ρ2
∇Y tλ′−1∇Y
]
dµ .
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Then it follows directly form the results of [7] that we can rewrite the right hand side
of equation (3.13) as 6
(3.14) M≡ π
4
∫
B
(
−det∇λ
′
2ρ2
+ e−6v
∇Y tλ′−1∇Y
2ρ2
+ 6 |∇v|2
)
dµ+
π
4
∑
rods
∫
Is
log Vs dz .
which defines the mass functional M =M (v, λ′, Y ) and Vs is defined in Definition 2.1-
3d. M evaluates to the ADM mass for vacuum, t − φi symmetric data. Thus we have
shown that m ≥M = mR where mR is the ADM mass of the associated reduced data.
One would expect the mass functional is positive definite for all orbit spaces on asymp-
totically flat Σ with positive scalar curvature. However, positivity of M has been only
established for B ∈ Ξ [7]. Thus we have the following conjecture.
Conjecture 3.2. Consider GB initial data set thenM (v, λ′, Y ) is a non-negative func-
tional for any orbit space.
We set u¯ = (v¯, λ¯′, Y¯ ) where λ¯′ is a symmetric 2 × 2 matrix such that det λ¯′ = 0.
Consider u¯ as a perturbation about some fixed initial data u0 defined in Definition
3.2 . This should consist of five free degrees of freedom, and the apparent restriction
det λ¯′ = 0 is simply a gauge choice that preserves the condition det λ′ = ρ2 under the
perturbation. Let ρ0 > 0 and Ωρ0 ≡ {(ρ, z, ϕ)|ρ > ρ0} and select the perturbation Y¯ and
λ¯ in C∞c (Ωρ0). Now for a (unbounded) domain Ω, we introduce the following weighted
spaces of C1 functions with norm
(3.15) ‖f‖C1s (Ω) = sup
x∈Ω
{σ−s |f |+ σ−s+1 |∇f |}
is finite with s < −1 and σ = √r2 + 1 and for a column vector and a matrix we define
respectively
(3.16)
∣∣Y¯ ∣∣ ≡ (Y¯ tλ′−10 Y¯ )1/2 , ∣∣λ¯′∣∣ ≡ (Tr [λ¯′tλ¯′])1/2
Then we define the Banach space B by
(3.17) ‖u¯‖B ≡ ‖v¯‖C1s (R3) +
∥∥λ¯′∥∥
C1s (Ωρ0 )
+
∥∥Y¯ ∥∥
C1s (Ωρ0 )
and similar to [1] we define the extreme class of initial data
Definition 3.2. The set of extreme class E is the collection of data arising from ex-
treme, asymptotically flat, R × U(1)2 invariant black holes which consist of triples
u0 = (v0, λ
′
0, Y0) where v0 is a scalar, λ
′
0 = [λij ] is a positive definite 2 × 2 symmet-
ric matrix, and Y0 is a column vector with the following bounds for ρ ≤ r2
(1)
∇Y t0 λ
−1
0 ∇Y0
X0
≤ Cr−4 and e−2v0 ∇Y t0 λ−10 ∇Y0
X0
≤ Cr−2 in R3 where λ0 = e2v0λ′0
(2) C1ρI2×2 ≤ λ0 ≤ C2ρI2×2 and C3ρ−1I2×2 ≤ λ−10 ≤ C4ρ−1I2×2 in Ωρ0
(3) ρ2 ≤ X0 in R3 where X0 = det λ0 and X20 ≤ C ′ρ4 in Ωρ0 where limρ0→0C ′ =∞
(4) |∇v0|2 ≤ Cr−4, |∇ lnX0|2 ≤ Cρ−2 in R3 and
∣∣∇λ0λ−10 ∣∣2 ≤ Cρ−2 in Ωρ0
(5) V = V¯ (x)r−2 + o1(r
−2) and
∫ 1
−1
V¯ (x)dx = 0 as r →∞.
6There is a sign mistake in [7] because of orientation. The sign of summentaon over rods should be
positive.
16 AGHIL ALAEE AND HARI K. KUNDURI
This definition was motivated by studying the geometry of the initial data for the
extreme Myers-Perry and black ring solutions. In has been established that such geome-
tries are local minimizers of the mass amongst suitably nearby data with the same orbit
space [1]. We can now state our second result:
Theorem 3.3. Let (Σ, h,K, µ, j) be a GB initial data set with mass m and fixed angular
momenta J(1) and J(2) and fixed orbit space B ∈ Ξ satisfying µ ≥ 0 and ιξ(i)j = 0.
Let u = (v, λ′, Y ) describe the associated reduced data as in Definition 3.1 and write
u = u0 + u¯ where u0 is extreme data with the same angular momenta and orbit space of
the GB initial data set. If u¯ ∈ B is sufficiently small then
(3.18) m ≥ f(J(1), J(2)) =M(u0)
for some f which depends on the orbit space B. Moreover, m = f(J(1), J(2)) for GB initial
data set in a neighbourhood if and only if the data are extreme data and µ = j = 0.
Proof. First, consider the GB data with µ ≥ 0 and ιξ(i)j = 0. Then by Lemma 3.1,
there exist global potentials Y i such that |K|
h
satisfies in inequality (3.12) and it yields
m ≥ M(u), where u is the associated reduced data. Second, since u = u0 + u¯, then all
the assumptions of Theorem 1.1 of [1] hold and it follows that there exists ǫ > 0 such
that if ‖u¯‖B < ǫ, then m ≥M(u0). Finally, by [1] it follows the inequality is saturated
if and only if the data is extreme data. 
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